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Motivated by a previous “sd2-graphene” study, the pairing symmetry in the superconducting state and
the thermal Hall conductivity are investigated by a self-consistent Bogoliubov–de Gennes approach on the
kagome lattice with intrinsic spin-orbit coupling near van Hove fillings. While the topologically trivial state
with broken time-reversal symmetry appears in the absence of spin-orbit coupling, the highest flat band
becomes dispersive with a hexagonal symmetry due to spin-orbit coupling, which leads to a topological
superconducting state. Since the thermal Hall conductivity in the low-temperature limit is associated with
the topological property of time-reversal symmetry breaking superconductors, we study its temperature
dependence near van Hove fillings. In particular, the pairing symmetry in the highest flat band is sensitive
to the amplitudes of spin-orbit coupling and the attractive interaction, which is reflected remarkably in the
thermal Hall conductivity. The obtained result may enable us to investigate the stable superconducting state
on the kagome lattice.
1. INTRODUCTION
Chiral superconductivity has attracted much interest
as a hot topic in condensed matter physics. The pairing
in the superconducting state breaks time-reversal sym-
metry (TRS) and has the nontrivial topology with inter-
esting properties [1–3].
Experimentally, the chiral p-wave is observed in the
A-phase of the spin-triplet superfluid 3He [4], and the
transition metal oxide Sr2RuO4 is one of the prime
candidates [5–7]. On the other hand, the spin-singlet
dx2−y2 + idxy state (d+ id state) is also another chiral su-
perconducting state. Although it has not been confirmed
experimentally, there are some potential candidate ma-
terials such as heavily doped graphene and SrPtAs [8].
Doped graphene corresponding to 3/8 or 5/8 filling has
a density of state (DOS) with logarithmic divergence,
which results from the van Hove singularities (VHSs)
originating from three inequivalent saddle points where
the Fermi surface has a hexagonal geometry with perfect
nesting. The renormalization group studies for the Hub-
bard model [9–11] indicate that the d+id state is favored
in heavily doped graphene. On the basis of the mean-field
approximation, it is also confirmed that the attractive
interaction between nearest-neighbor (NN) sites or next
nearest-neighbor (NNN) sites leads to the d+ id state in
the vicinity of the van Hove (VH) fillings [12].
Graphene is composed of sp2 hybridization in carbon,
and its low-energy electronic structure is well described
by a tight-binding model with the hopping between NN
sites on a hexagonal lattice[13]. However, some hon-
eycomb lattice structures consisting of transition metal
atoms are composed of “sd2-hybridization” and called
“sd2-graphene” [14], where the electron transfers between
∗ s.iimura.787@ms.saitama-u.ac.jp
FIG. 1. (Color online) (a) Schematic diagram of the sd2-
graphene. The low-energy properties of the bond-centered
σ-states (red points) are effectively described by NN hopping
(−t) on the kagome lattice (red dashed lines). (b) Energy
dispersion of the kagome lattice in the absence of spin-orbit
coupling.
bond-centered σ states on a hexagonal lattice. There-
fore, the low-energy property is effectively described by
single-orbital hopping between NN sites on the kagome
lattice, shown in Fig. 1(a). One of the candidates is a
hexagonal W lattice epitaxially grown on a semiconduc-
tor surface[14]. Transition metal atoms may lead to a
large amplitude of the spin-orbit coupling (SOC) com-
pared with graphene.
The single orbital tight-binding model on the kagome
lattice with NN hopping has two dispersive bands and
a completely dispersionless flat band, which is depicted
in Fig. 1(b). The former bands are the same as those
in the honeycomb lattice and are hereafter called “hon-
eycomb bands”, which include VHSs resulting from the
saddle points. The latter band is called “highest band”.
The spin systems on the kagome lattice show interesting
behavior such as the quantum spin liquid in the ground
state[15–17] due to the characteristic lattice geometry.
However, there is also extensive interest in itinerant elec-
tron systems on the kagome lattice. In the vicinity of VH
ar
X
iv
:1
80
8.
01
76
5v
2 
 [c
on
d-
ma
t.s
up
r-c
on
]  
16
 Se
p 2
01
8
2fillings on the kagome lattice, short-range repulsive inter-
actions may generate the d+ id-wave pairing on 3rd NN
bonds obtained by the variational cluster approach[18]
and the renormalization group studies[19–21].
In addition, the intrinsic SOC generates rich phases. In
the Kane–Mele topological insulator on the honeycomb
lattice[22, 23], the SOC connects between NNN sites be-
cause the two sides are asymmetric about NNN bonds,
and the gradient of electrostatic potential appears. How-
ever, in the kagome lattice, there is already such an asym-
metry about NN bonds. The singular-mode functional
renormalization group study expected that the strong
SOC may generate various orders such as magnetism and
superconductivity[24] in the honeycomb bands. On the
other hand, the dispersionless flat band on the kagome
lattice is very sensitive to the presence of the SOC, and
generates a large DOS, which may give rise to the super-
conducting state with a high transition temperature.
On the other hand, thermal Hall conductivity is suit-
able for investigating the topological property of TRS
breaking in superconductors[25]. In the low-temperature
limit, thermal Hall conductivity is proportional to tem-
perature and it may also be possible to detect the chiral
superconducting state.
In this paper, we focus on the superconducting state
in the vicinity of the highest band on the kagome lattice.
We calculate thermal Hall conductivity to distinguish the
topological aspect of the superconducting state by using
the lattice model, and discuss the interplay between the
SOC and superconductivity.
The paper is organized as follows. We construct the
effective Hamiltonian in Sec. 2. In Sec. 3, we show the
normal phase properties induced by the SOC. After that,
we show the phase diagram of superconducting states,
the temperature dependence of order parameters, and
the thermal Hall conductivities in Sec. 4. Conclusions
are given in Sec. 5.
2. MODEL
In this section, we introduce the model Hamiltonian in
order to discuss the superconducting state on the kagome
lattice. Figure 2(a) shows the lattice structure, which is
composed of A, B, and C sublattices. a1, a2, and a3 are
the displacement vectors between NN sites. t and λ de-
note the amplitude of the hopping and the SOC between
NN sites respectively.
Since short-range repulsive interactions generate the
d + id-wave pairing between the 3rd NN sites near the
VHS in the upper honeycomb band[18, 19], we introduce
the attractive interaction between the same sublattices.
The schematic picture is drawn in Fig. 2(b).
The corresponding Hamiltonian is written as
H = Hh +Hso +Ha, (1)
FIG. 2. (Color online) (a) Structure of kagome lattice. t and
λ stand for the hopping integral and spin-orbit coupling be-
tween NN sites, respectively. ai (i = 1, 2, 3) represents the
displacement vector between NN sites. (b) Attractive inter-
action between 3rd NN sites. The ellipses correspond to the
superconducting pairing ∆M,i between the same sublattices.
with
Hh = −t
∑
〈i,j〉,σ
(
c†iσcjσ + H.c.
)
− µ
∑
i,σ
niσ,
Hso = iλ
∑
〈i,j〉,σ
σνijc
†
iσcjσ + H.c., (2)
Ha = −U
∑
{i,j},σ
niσnjσ¯,
where i (and j) is the site index including the sublattice
index M(= A,B,C). Then c†iσ(ciσ) denotes the creation
(annihilation) operator for the electron on site i with spin
σ =↑, ↓. niσ = c†iσciσ is the particle number operator.
〈i, j〉 ({i, j}) stands for the summation for NN (3rd NN)
bonds.
Hh represents the hopping term between NN sites with
the amplitude t and the chemical potential µ. Hso repre-
sents the intrinsic SOC between NN sites. νij is a factor
corresponding to the hopping direction, which is −1(+1)
for the clockwise (counterclockwise) direction. Ha rep-
resents the attractive interaction on 3rd NN bonds with
the amplitude −U . We introduce the BCS-type mean-
field approximation to decouple the attractive interaction
term assuming the spin-singlet channel. Then the inter-
action term Ha is rewritten as
Ha ≈ HMFa = −U
∑
{i,j},σ
σ∆ijc
†
i,σc
†
j,−σ + H.c.+ const.,
(3)
where ∆ij is the spin-singlet superconducting order pa-
rameter defined as
∆M,l ≡ 1
2
[〈
cj,↓ci,↑
〉− 〈cj,↑ci,↓〉] , (4)
where M and l stand for the sublattice and displacement
indices, respectively.
Then, we obtain the following Bogoliubov–de Gennes
(BdG) Hamiltonian in momentum space, yielding the 3rd
3NN spin-singlet pairing on the kagome lattice,
HBdG =
1
2
∑
k,σ
Ψ†k,σ
(
ξˆσ(k) ∆ˆσ(k)
∆ˆσ(k)
† −ξˆ−σ(−k)
)
Ψk,σ, (5)
where the operator Ψ†k,σ =
(
ψ†k,σ, ψ−k,−σ
)
is a six-
component Nambu spinor representation with ψk,σ =
(ck,A,σ, ck,B,σ, ck,C,σ)
T
. ck,M,σ denotes the Fourier com-
ponent of the electron annihilation operator ci,M,σ.
The diagonal block term ξˆσ(k), which describes the
energy dispersion resulting from the kinetic term, is given
by
ξˆσ(k) =
 −µ εAB,σ(k) εAC,σ(k)εBA,σ(k) −µ εBC,σ(k)
εCA,σ(k) εCB,σ(k) −µ
 , (6)
with εAB,σ(k) = (εBA,σ(k))
∗
= −2(t+ iλσ)cos (k · a1)
εBC,σ(k) = (εCB,σ(k))
∗
= −2(t+ iλσ)cos (k · a2)
εCA,σ(k) = (εAC,σ(k))
∗
= −2(t+ iλσ)cos (k · a3)
.
(7)
Moreover, the off-diagonal block term ∆ˆσ(k) in HBdG,
which represents the superconducting order parameter,
is given by
∆ˆσ(k) =
∆A,σ(k) 0 00 ∆B,σ(k) 0
0 0 ∆C,σ(k)
 , (8)
with
∆M,σ(k) = 2Uσ
3∑
i=1
∆M,icos(2k · ai), (9)
where the symbols ∆M,i correspond to the order param-
eter in Eq. (4).
Hereafter, we will define the lattice constants 2 |ai| = a
and take the physical constants ~, e, kB and a as unity.
3. NORMAL PHASE
First, we discuss physical properties in the normal
phase before discussing the superconducting phase. The
band structure, Fermi surface, and topological property
are investigated for U = 0 in this section.
3.1. Energy dispersion and Fermi surface
Figure 3 shows the energy dispersion Ek for several
choices of λ obtained from the diagonalization of ξˆσ(k)
in Eq. (6). In the absence of the SOC, there exist three
bands, which consist of the dispersive honeycomb bands
FIG. 3. (Color online) Energy dispersions for sev-
eral choices of λ. The black solid, blue solid, and
red solid lines correspond to λ/t = 0.0, 0.2, and
0.4 respectively.
FIG. 4. (Color online) Density of states for several
choices of λ. The black, red, and blue lines corre-
spond to λ/t = 0.0, 0.2, and 0.4, respectively. The
inset shows the magnification of the DOS around
µ/t = 2.
and the highest dispersionless flat band. The SOC gen-
erates the fully opened gap ∆I (∆II), which is defined by
the amplitude between the top of the lower honeycomb
(upper honeycomb) band and the bottom of the upper
honeycomb (highest) band.
The highest band switches from dispersionless to dis-
persive owing to the introduction of the SOC, whose am-
plitude at the K point is independent of λ (Ek = 2t),
and the M point becomes the saddle point for λ 6= 0.
The width of the upper honeycomb band is reduced
strongly with increasing λ and becomes completely flat
at λ = λc(≡ t/
√
3 ≈ 0.577t). The amplitudes of energy
gaps are given by ∆I = ∆II = 2
√
3λ for λ ≤ λc. Although
further increase in λ leads to ∆I = ∆II = 3t −
√
3λ for
λ ≥ λc, we focus on the case of λ < λc in this study.
Figure 4 shows the DOS for several choices of λ. There
are three characteristic peaks resulting from VHSs at
E = −2√t2 + λ2, 0, and +2√t2 + λ2. While peak po-
4FIG. 5. (Color online) Fermi surfaces and energy distributions
around Fermi level at van Hove fillings: (a) 〈n〉 = 1/4 (µ =
µ1), (b) 〈n〉 = 5/12 (µ = µ2), and (c) 〈n〉 = 3/4 (µ = µ3).
The black solid line represents the 1st Brillouin zone. The
color scale represents the energy distribution with |Ek − µ| ≤
0.005t around the Fermi level at van Hove fillings.
sitions in the lower honeycomb band and highest band
shift to lower- and higher-energy sides with increasing λ,
that in the upper honeycomb band is independent of the
amplitude of λ. Note that µ = µ1 ≡ −2
√
t2 + λ2 and
µ2 ≡ 0 correspond to the particle number 〈n〉 = 1/4 and
5/12, respectively. With increasing λ, the amplitudes of
the DOS at VH fillings increase at 〈n〉 = 1/4 and 5/12,
as shown in Fig. 4. The latter case (〈n〉 = 5/12) is more
remarkable since the SOC reduces strongly the width of
the upper honeycomb band.
Moreover, µ = µ3 ≡ +2
√
t2 + λ2 corresponds to
〈n〉 = 3/4 except for λ = 0, because in the absence of
λ, the highest band becomes completely flat. The SOC
turns the dispersionless flat band into a dispersive one.
Therefore, the amplitude of the peak at E = µ3 is more
sensitive to the amplitude of λ than those at E = µ1 and
E = µ2.
Figure 5 shows Fermi surfaces and energy distributions
within the small energy range (|Ek − µ| ≤ 0.005t) around
the Fermi level at VH fillings 〈n〉 = 1/4, 5/12, and 3/4.
The Fermi surfaces at all VH fillings have the hexago-
nal structure with the perfect nesting in the honeycomb
bands even for λ 6= 0 and in the highest band except
for λ = 0. With increasing distance from VH fillings
and/or the SOC, Fermi surfaces deviate from the hexago-
nal structure gradually. In particular, the deviation from
the hexagonal structure in the upper honeycomb band
is larger than that in the lower honeycomb band. It in-
dicates that the number of states around the VH filling
in the upper honeycomb band further increases with in-
creasing SOC.
On the other hand, the introduction of the SOC leads
to the hexagonal structure of the Fermi surface with the
perfect nesting in the highest band. The distribution of
the energy dispersion around the VH filling is enhanced
with increasing λ depicted in Fig. 5(c), which indicates
that the amplitude of the DOS decreases. However, com-
pared with the cases at other VH fillings in the honey-
comb bands, there exists a larger DOS in the weak SOC
region. Therefore, the appearance of the d + id state
in the highest band is expected for λ 6= 0 owing to the
hexagonal Fermi surface and the large amplitude of DOS.
3.2. Hall conductivity and Chern number
In the honeycomb lattice, the SOC connecting NNN
bonds induces the fully opened gap. The topologically
nontrivial insulating phase appears when the chemical
potential lies in the gap[22, 23]. A similar topologi-
cally nontrivial insulating phase on the kagome lattice is
also proposed by the introduction of the SOC connecting
NNN bonds[26]. Thus, we examine the topological prop-
erties of the normal phase by calculating the Hall con-
ductivity obtained from the Kubo formula[27, 28], which
is given by
σxy =
i
γN
∑
k,α,β
〈α| jˆxk |β〉 〈β| jˆyk |α〉
Ekα − Ekβ
f(Ekα)− f(Ekβ)
Ekα − Ekβ ,
(10)
where Ekα is the energy eigenvalue of ξˆσ(k) with the
band index α, and the factor γ =
√
3/2 denotes the area
of the unit cell. f() ≡ 1/(eβ + 1) is the Fermi distri-
bution function, and the current operator is defined as
FIG. 6. (Color online) Spin-dependent Hall conductivity
σ
↑(↓)
xy (µ) for several choices of λ. The corresponding spin
σ =↑ (↓) is represented by circles (triangles).
5jˆµk = ∂H(k)/∂kµ (µ = x, y). Since the Hamiltonian in
the absence of the attractive interaction with H(k) =
ξˆ↑(k)⊕ ξˆ↓(k) conserves the z-component of the spin, we
calculate the spin-dependent Hall conductivity σ
↑(↓)
xy by
using the spin-block Hamiltonian H↑(↓)(k) = ξˆ↑(↓)(k).
Then, the spin-dependent Chern number is defined as
NC,↑(↓) = 2piσ↑(↓)xy . (11)
Figure 6 shows the spin-dependent Hall conductivity
on the kagome lattice as a function of the chemical po-
tential µ for several choices of λ. When µ lies in the
energy gap ∆I or ∆II, the spin-dependent Chern num-
ber has an integer value with NC,σ = sgn(σ). Although
the total Chern number NC(= NC,↑ + NC,↓) vanishes,
the spin Chern number NsC defined as the difference
(= NC,↑ −NC,↓ = +2) becomes a nonzero integer. This
result indicates that the topologically nontrivial phase
appears. In addition to the topological state at µ in the
gap ∆I, which is essentially identical to that from the
Kane-Mele model, there exists another topological state
at µ/t ∼ 2 in the gap ∆II, which is proper on the kagome
lattice.
4. SUPERCONDUCTING PHASE
4.1. Superconducting phase diagram
Next, let us discuss the property in the superconduct-
ing phase at zero temperature in this subsection. Order
parameters are obtained by solving the BdG Hamiltonian
Eq. (5) self-consistently. The most stable superconduct-
ing state is determined from the lowest-energy state in
the obtained results by using several initial values of or-
der parameters as follows:
∆ˆ ≡
∆M,1∆M,2
∆M,3
 =

1√
3
(1, 1, 1)
T
(s state)
1√
6
(−1, 2,−1)T (dx2−y2 state)
1√
2
(1, 0,−1)T (dxy state)
1√
3
(
ei
2pi
3 , 1, ei
4pi
3
)T
(d+ id state)
,
(12)
FIG. 7. (Color online) Gap functions for 3rd NN parings with
positive (warm color) and negative (cold color) signs in the
1st Brillouin zone. The panels (a), (b), and (c) represent the
s state, dx2−y2 state, and dxy state, respectively.
FIG. 8. (Color online) α (solid lines) and Chern number
(dashed-dotted line) as functions of µ for U/t = 1. The upper
and lower panels represent λ/t = 0.0 and λ/t = 0.3, respec-
tively.
where “s state”, “dx2−y2 state”, and “dxy state” repre-
sent the symmetries of the order parameter, which are
defined as ∆ˆs, ∆ˆx2−y2 , and ∆ˆxy, respectively. The gap
function is given by ∆M (k) = 2
∑3
i=1 ∆M,icos (2k · ai).
Figures 7(a)-(c) show gap functions in the Brillouin zone
for each set.
Since the upper three sets in Eq. (12) are orthogonal
to each other and normalized, the order parameter ob-
tained from solving the BdG equation self-consistently is
represented as a linear combination of the sets as,
∆ˆM = αs∆ˆs + αx2−y2∆ˆx2−y2 + αxy∆ˆxy, (13)
with complex coefficients (αs, αx2−y2 , αxy) describing the
superconducting state. For example, the pure dx2−y2 +
idxy state is represented by (αs, αx2−y2 , αxy) ∝ (0, 1, i).
The Chern number NC in the superconducting state is
defined in a similar manner to the normal phase in Eq.
(10) [29].
Figure 8 shows each α and the Chern number as func-
tions of µ/t for U/t = 1 in the most stable state. Note
that other components (Im[αs], Im[αx2−y2 ], and Re[αxy])
vanish in the whole parameter region and the obtained
superconducting states consist of multiple components in
the wide range of parameters.
First, let us discuss the superconducting state without
the SOC as shown in Fig. 8(a). In the honeycomb lat-
tice model, the “pure” d+ id states appear around VHSs
where the amplitude of αx2−y2 is identical to that of αxy
6in the weak-coupling region. On the other hand, all com-
ponents of α have finite values around µ = µ1(= −2t)
and µ = µ2(= 0) on the kagome lattice owing to the
lower lattice symmetry in comparison with the honey-
comb lattice, where
∣∣αx2−y2∣∣ is not equal to |αxy| and
the s state component becomes finite (αs 6= 0).
This inequivalence between |αx2−y2 | and |αxy| results
from the inequivalence among three different 3rd NN
pairings on the kagome lattice depicted in Fig. 2(b).
Although the s component appears in addition to the
dx2−y2 and dxy components around VHSs in the honey-
comb bands, the Chern number still remains finite (NC =
±2), which is defined as the “d1 +id2” state in this study.
The d1 and d2 states stand for the dx2−y2 and dxy ones,
respectively. Im[αxy] vanishes at 1.2 < µ/t < 1.8 and
Re[αs] is dominant, which is defined as the topologically
trivial “s + d1” state with TRS. Around µ = µ3(= 2t),
there exist Re[αs] and Im[αxy] components with a very
small amplitude of Re[αx2−y2 ], which is defined as the
topologically trivial “s + id2” state with TRS breaking.
The amplitude of the Chern number distinguishes the
d1 + id2 and s+ id2 states.
We now turn on the SOC, shown in Fig. 8(b). In
the case of µ/t . 0.8, the amplitudes of α are similar
to those without the SOC. Since the SOC generates the
energy gap ∆II(≈ 1.04t for λ = 0.3t) between the upper
honeycomb band and the highest band, the top of the
upper honeycomb band shifts to the low-energy region.
Thus, the s+ d1 state also shifts to the top of the upper
honeycomb band (µ/t ∼ 1).
On the other hand, around µ = µ3, the amplitude of
Re[αs] is reduced and that of Re[αx2−y2 ] is enhanced,
so that the d1 + id2 state with the finite Chern number
appears. Since the Fermi surface in the highest band has
hexagonal symmetry due to the SOC, the strong nesting
effect leads to the d1+id2 state. This result indicates that
the SOC gives rise to the topological superconducting
state in the highest band on the kagome lattice.
Figure 9 shows the phase diagram in the most stable
superconducting state without/with the SOC where the
superconducting states are determined by the amplitude
of α and the Chern number in a similar manner shown in
Fig. 8. The d1± id2 states have the finite Chern number
(NC = ±2) around VHSs, and other superconducting
states are topologically trivial.
In the absence of the SOC, the component of the d1±
id2 state is dominant around µ = µ1 and µ = µ2 in
the honeycomb bands. On the other hand, the energy
dispersions near the bottom of the lower honeycomb band
and the top of the upper honeycomb band are symmetric
with respect to ε = 0 for λ = 0, µ/t = −1, and there are
circular Fermi surfaces around the Γ point (µ/t ' −4 and
2). We stress that there exists the topologically trivial s+
id2 state with the broken time-reversal symmetry around
µ = µ3 mainly in the flat band and may be difficult to
appear on the honeycomb lattice.
In the presence of the SOC (λ/t = 0.3), the phase dia-
gram does not change markedly in the honeycomb bands
FIG. 9. (Color online) Phase diagram of the superconducting
state on kagome lattice. The upper and lower panels represent
λ/t = 0.0 and λ/t = 0.3, respectively.
qualitatively. On the other hand, the s+id2 with NC = 0
state found for λ/t = 0 around µ = µ3 turns into the
d1± id2 state with NC = ∓2 in the wide range of param-
eters, which is attributed to the Fermi surface nesting
with the hexagonal symmetry induced by the SOC in
the highest band.
The SOC leads to the hexagonal Fermi surface with
perfect nesting at µ = µ3, where the sufficiently small
U generates the d1 + id2 state and further increase in U
generates the s + id2 state. Since the phase boundary
between the d1 + id2 and s+ id2 states is determined by
the competition between the width of the highest band
and the amplitude of U , the parameter region of the ap-
pearance of the d1 + id2 state is enlarged around µ = µ3
with increasing amplitude of the SOC.
Note that in the large U region (U/t > 1), although the
order parameter changes continuously around µ/t = 2,
the Chern number switches at µ/t = 2. It is attributed
to the change in the Fermi surface topology where the
Fermi surface vanishes for µ/t < 2.
Next, we discuss the temperature dependences of or-
der parameters for U/t = 1 at VHSs, as plotted in Figs.
10(a)–(c). The superconducting transition temperature
Tc is also affected by the SOC. With increasing λ, the
order parameters increase monotonically at µ = µ1 and
µ = µ2 in the whole temperature region and the tran-
sition temperatures also increase. Note that the sign of
Re[αx2−y2 ]/Im[αxy] is directly associated with the sign
of the Chern number in the d1 ± id2 state. On the other
7FIG. 10. (Color online) (a)-(c): Temperature dependences of
order parameters at van Hove fillings (a) µ = µ1, (b) µ = µ2,
and (c) µ = µ3 for U/t = 1. (d): Transition temperature (Tc)
plotted as a function of λ.
hand, the order parameter decreases generally with in-
creasing λ at µ = µ3. The amplitude of the order param-
eter is larger than those at µ1 and µ2 since there exists
a large amplitude of the DOS around µ = µ3. Thus, Tc
at µ = µ3 is higher than those at µ = µ1 and µ = µ2
for a small λ, as depicted in Fig. 10(d). These results
indicate that the d1 +id2 state in the highest band on the
kagome lattice may have a large transition temperature
in comparison with that on the honeycomb lattice.
Note that the nonmonotonic behavior appears with in-
creasing temperature at µ = µ3 for the small-λ region.
Around T = Tc, while the d1 + id2 component is dom-
inant, the amplitude of order parameters changes dis-
continuously and the s component is enhanced in the
low-temperature region for λ/t = 0.1. However, the
Chern number still becomes a finite integer in the low-
temperature region, which indicates that the supercon-
ducting state still maintains the d1 + id2 state.
However, for the rather small λ (. 0.09t) while the s
component is further enhanced and the s + id2 state is
realized in the low-temperature region, the d2 component
vanishes and the s+ d1 state remains around T = Tc. It
results from the above-mentioned inequivalence between
the d1 and d2 states. When the amplitude of the effective
attractive interaction (∼ U |α|) is smaller than the width
of the highest band (W = 2
√
3λ) around T = Tc, the
effect of Fermi surface nesting plays an important role in
giving rise to the d1 + id2 state.
4.2. Thermal Hall conductivity
The measurement of the thermal Hall conductivity
gives information on the topological properties in TRS
broken superconductors[25], which may enable us to dis-
tinguish superconducting states on the kagome lattice. It
FIG. 11. (Color online) Thermal Hall conductivity is plot-
ted as a function of the temperature for several choices of λ.
The black solid line represents the temperature-linear behav-
ior given by Eq. (15). (a) µ = µ1 (dotted line) and µ = µ2
(dashed line). (b) µ = µ3 (dot-dashed line). The inset shows
the DOS in the low-energy region at VHSs with λ/t = 0.1 at
T = 0.
can be expressed as
κxy = − 1
TN
∑
k,α
Im
[〈
∂ukα
∂kx
∣∣∣∣∂ukα∂ky
〉]∫
dEE2θ(E − Ekα)f ′(E),
(14)
where f ′(E) is the derivative of the Fermi distribution
function. T and N denote the temperature and number
of sites, respectively[25]. ukα is the periodic part of the
Bloch wave function of the BdG Hamiltonian for the wave
vector k and the band index α. Im
[〈
∂kxukα|∂kyukα
〉]
is
proportional to the z component of the Berry curvature
Ω(k).
Moreover, in the low-temperature limit, the thermal
Hall conductivity (Eq. (14)) is proportional to tempera-
ture and the Chern number[25], which is given by
κxy ' − pi
12
NCT. (15)
Therefore, in the low-temperature region, κxy is uniquely
determined by the topological properties of the supercon-
ducting state.
The breaking of the TRS and inversion symmetry in
the superconducting state gives rise to the finite ther-
mal Hall conductivity. Therefore, κxy will vanish in the
s + d1 state with the TRS. Although the s + id2 state
breaks the TRS and inversion symmetry, κxy also van-
ishes because the s+ id2 state is the topologically trivial
one. On the other hand, the d1 + id2 state with the finite
Chern number gives a finite κxy.
8FIG. 12. (Color online) Thermal Hall conductivity as a func-
tion of temperature for U/t = 2.5 and λ/t = 0.3 around
µ/t = 2. The inset shows order parameters around µ/t = 2
and the Chern number.
Figures 11(a) and 11(b) show the temperature depen-
dence of the thermal Hall conductivity for several combi-
nations of (µ, λ) with U/t = 1.0. For µ = µ1, µ2, and µ3
with λ/t ≥ 0.3, the d1+id2 states appear and the thermal
Hall conductivity has a linear behavior with respect to
temperature in the low-temperature region, whose slope
corresponds to the Chern number.
We can also confirm the temperature linear behavior
even at µ = µ3 at λ/t = 0.1, but that occurs only in
the temperature region lower than that at µ = µ1 and
µ = µ2. The deviation from Eq. (15) is well described
by the exponential term e−β∆ with the quasiparticle gap
∆[30]. DOSs in the d1 + id2 state at VHSs at absolute
zero are shown in the inset in Fig. 11(b). The amplitude
of the quasiparticle gap at µ = µ3 is smaller than those at
µ = µ1 and µ = µ2. It results from the mixing between
the s and d1 components in the d1 + id2 state for µ = µ3
and λ = 0.1t. The s state with the 3rd NN pairing has
a circular line node unlike the local pairing. Therefore,
when |αs| becomes comparable to
∣∣αx2−y2∣∣, the s + d1
state corresponding to the real part of the d1 + id2 state
can have point nodes at kx = 0 and ky = 0, where the
gap function describing the d2 state corresponding to the
imaginary part vanishes. Thus, the superconducting gap
is strongly suppressed around µ = µ3.
In addition, the thermal Hall conductivity at µ = µ3
for λ = 0 shows a different temperature dependence from
those for other choices of λ in Fig. 11(b). In the low-
temperature region, since the topologically trivial s+ id2
component with broken TRS is dominant, κxy vanishes.
However, the d1 component increases with increasing
temperature, so that κxy has a finite amplitude. On the
other hand, the d2 component vanishes at T/t ∼ 0.1 and
the s + d1 component with the TRS becomes dominant
at 0.1t < T < Tc (∼ 0.13t). Therefore, κxy vanishes at
the temperature lower than Tc.
Note that in the large-U region, although the order pa-
rameters change continuously around µ/t = 2, the topo-
logical property switches, which is discussed in the previ-
ous subsection. The thermal Hall conductivity is strongly
sensitive to the amplitude of the chemical potential, de-
picted in Fig. 12. κxy has the temperature linear behav-
ior and vanishes in the low temperature limit for µ/t > 2
and µ/t < 2, respectively, owing to the switch of the
topological property.
While the low-temperature behavior is strongly af-
fected by the amplitude of µ, the high-temperature
one has a similar form with respect to the tempera-
ture around µ/t = 2. Since the order parameters for
µ/t = 1.95 and 2.05 are almost the same, it is difficult to
distinguish the superconducting states for µ/t & 2 and
µ/t . 2 in the high-temperature region.
Here we demonstrate the large-U and λ case. However,
since the switch of the temperature dependence of κxy
around µ/t = 2 is associated with the ratio U/λ, a similar
behavior can occur even in the low-U and λ region.
5. CONCLUSIONS
We have investigated the spin-singlet superconduct-
ing state and the temperature dependence of the ther-
mal Hall conductivity on the kagome lattice by the self-
consistent BdG approach. In particular, we focus on the
highest band and discuss the interplay between the am-
plitude of the attractive interaction and the SOC effect.
In the normal phase, there exist perfectly hexagonal
Fermi surfaces at all VH fillings in the honeycomb bands.
The presence of the SOC leads to the dispersive high-
est band with the hexagonal symmetry, and also gener-
ates band gaps, where topological nontrivial states ap-
pear where that around µ/t = 2 is proper on the kagome
lattice.
In the superconducting phase, order parameters and
the phase diagram are obtained. In the honeycomb
bands, the d1 + id2 states appear in the vicinity of VHSs.
Since the amplitude of the DOS at VH fillings is enhanced
by the SOC, Tc increases with increasing λ. In the highest
band around µ = µ3, the s+ id2 state appears for λ = 0.
Since the Fermi surface in the highest band has the per-
fect nesting property induced by the SOC at µ = µ3, the
d1 + id2 state appears for λ > 0. When the width of the
highest band depending on the amplitude of the SOC is
comparable to the amplitude of the attractive interaction
and/or temperature, the s + id2 (d1 + id2) character is
dominant in the low-temperature region (around Tc).
Moreover, the thermal Hall conductivity is propor-
tional to the temperature with a prefactor that is
uniquely related to the Chern number. While the d1+id2
state has the temperature linear behavior, the thermal
Hall conductivity in the s + id2 state increases slightly
with temperature owing to the increase in the d1 compo-
nent. In particular, the character of pairing symmetries
changes in the highest band owing to the competition
between the attractive interaction and the bandwidth,
which may be detectable in the thermal Hall conduc-
tivity. Therefore, the measurement of the thermal Hall
conductivity may enable us to distinguish the supercon-
9ducting states on the kagome lattice.
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